Abstract. We obtain Paley-type and Hausdorff -Young -Paley-type inequalities for Jacobi expansions.
Introduction and preliminaries
In this section, we introduce the basic notation and review some results on Jacobi polynomials. Here, we also formulate the aim of the publication.
Let N 0 denote the set of non-negative integers. Suppose that α, β > −1. The Jacobi polynomials, denoted by P (α,β) n (·), n ∈ N 0 , are orthogonal with respect to the Jacobi weight function w α,β (t) = (1 − t) α (1 + t) β on [−1, 1], namely, , n = m,
Here, as usual, Γ is the gamma function. We use the following asymptotic notation: f (n) ≍ g(n), n → ∞, means that there exist positive constants C 1 , C 2 , and a positive integer n 0 such that 0
for all n ≥ n 0 . To simplify the writing, we will omit "n → ∞" in the notation.
It follows directly from Stirling's asymptotic formula that
≍ n λ−µ for arbitrary real numbers λ and µ. Thus, we have
Define the uniform norm of a continuous function f on [−1, 1] by
The maximum of two real numbers x and y is denoted by max(x, y). It is known [4, Theorem 7.32.1] that
Let P
be the sequence of orthonormal Jacobi polynomials (with respect to the Jacobi weight function w α,β ), that is, P
It follows from (1) and (2) that
Given 1 ≤ p ≤ ∞, we denote by L p (w α,β ) the space of complex-valued Lebesgue measurable functions f on [−1, 1] with finite norm
For a function f ∈ L p (w α,β ), 1 ≤ p ≤ ∞, the Jacobi expansion is given by
For 1 ≤ p ≤ ∞, we denote by p ′ the conjugate exponent to p, that is,
Our aim is to establish Paley-type and Hausdorff -Young -Paley-type inequalities for Jacobi expansions in Sections 2 and 3, respectively.
Paley-type inequalities for Jacobi expansions
We will omit the proof of the following Paley-type inequalities for Jacobi expansions because its proof is analogous to that of Theorem 2 given in [5, Section 2].
(b) If 2 ≤ q < ∞, ω is a positive function on N 0 satisfying (4) and φ is a non-negative function on N 0 such that
then the algebraic polynomials
converge in L q (w α,β ) to a function f satisfyingf n = φ(n), n ∈ N 0 , and
Hausdorff -Young -Paley-type inequalities for Jacobi expansions
In [2, Theorem 3.1], Z. Ditzian proved the following Hausdorff -Young-type inequalities for Jacobi expansions.
(b) If 2 ≤ q < ∞ and φ is a function on non-negative integers satisfying ∞ n=0 (n + 1)
Theorem 3 contains the Paley-type and the Hausdorff -Young-type inequalities for Jacobi expansions. The proof of this theorem is analogous to the proof of Theorem 5 in [5, Section 3] and we shall omit it.
, ω is a positive function on N 0 satisfying the condition (4), and p ≤ s ≤ p ′ , then
ω is a positive function on N 0 satisfying the condition (4) and φ is a non-negative function on N 0 such that
Remarks
In the following theorem we show that the inequality (5) does not hold for p = 1 in general. + α. We define the sequence of polynomials g N by [4, Theorem 7 .32.1, (4.1.1)] and (3)), we obtain
We now show that assuming (5) for p = 1 would lead to a contradiction with what we already proved. Because of g N ∞ = sup This is a contradiction, which proves that our assumption is wrong.
Conclusion
As an application of the results above, we are going to obtain sufficient condition for a special sequence of positive real numbers to be a Fourier multiplier.
